A system H with a Hagedorn-like mass spectrum imparts its unique temperature T H to any other system coupled to it. An H system radiates particles in preexisting physical and chemical equilibrium. These particles form a saturated vapor at temperature T H . This coexistence describes a first order phase transition. An H system is nearly indifferent to fragmentation into smaller H systems. A lower mass cut-off in the spectrum does not significantly alter the general picture. These properties of the Hagedorn thermostats naturally explain a single value of hadronization temperature observed in elementary particle collisions at high energies and lead to some experimental predictions.
INTRODUCTION
A system A with energy E and degeneracy
while seemingly having a partition function of the form
for all temperatures T ≤ 1/k A in fact admits only one temperature T = T A = 1/k A and it imparts that temperature to any system coupled to it. The partition function of Eq. (2) implies that an external thermostat B which, by definition has ρ B (E) ∝ exp (−k B E), can impart its temperature T B = 1/k B to the system A. This is not so, as can be seen by considering the generating micro-canonical partition
The most probable partition is given by
where m is the mass of the hadron in question and T H is the temperature associated with the mass spectrum [1, 2] . The question of the mass range over which (5) is valid is still under discussion [4, 5] . The M.I.T. bag model [6] of partonic matter reproduces this behavior via a constant pressure B of a "bag" of partonic matter [7, 8] . The pressure p inside a bag at equilibrium without additional conserved quantities is
where g is the number of partonic degrees of freedom. The bag constant forces a constant temperature T B on the bag. Similarly, the enthalpy density ε of the bag
is constant. Here H is the enthalpy and V is the volume of the bag. Thus, an injection of an arbitrary amount of energy leads to an isothermal, isobaric expansion of the bag and the bag entropy S is proportional to H:
where δ Q is the change in heat of the bag. The bag's spectrum (level density) is then ρ = exp (S) given by Eq. (5) with T B = T H and H ≡ m. Following our recent results [9, 10] , we show here that a system H possessing a Hagedorn-like spectrum, characterized by an entropy of the form (8) , not only has a unique microcanonical temperature
but also imparts this same temperature to any other system to which H is coupled. In the language of standard thermodynamics: H is a perfect thermostat. The property of a perfect thermostat is well known. For instance, it is indifferent to the transfer of any portion of its energy to any parcel within itself, no matter how small. In other words, it is at the limit of phase stability and its internal fluctuations of the energy density are maximal.
HARMONIC OSCILLATOR COUPLED TO H
In order to demonstrate the thermostatic behavior of a Hagedorn system, let us begin by coupling H to a one dimensional harmonic oscillator and use a microcanonical treatment. The unnormalized probability P(ε) for finding an excitation energy ε in the harmonic oscillator out of the system's total energy E is
Recall that for a one dimensional harmonic oscillator ρ osc is a constant. The energy spectrum of the oscillator is canonical up to the upper limit ε max = E with an inverse slope (temperature) of T H independent of E. The mean value of the energy of the oscillator is given by
Thus in the limit that E → ∞: ε → T H , i.e. no temperature other that T H is admitted. In the standard language of statistical mechanics this example means that a one dimensional harmonic oscillator can be used as an ideal thermometer.
AN IDEAL VAPOR COUPLED TO H
For a more physically relevant example, let us consider a vapor of N ≫ 1 non-interacting Boltzmann particles of mass m B and degeneracy g B coupled to H . The microcanonical level density of the vapor with kinetic energy ε is
where V is is the volume. The microcanonical partition of the total system is
Just as with the harmonic oscillator, the distribution of the vapor is exactly canonical up to ε max = E, if the particles are independently present, or ε max = E − mN, if the particles are generated by H . In either case, the temperature of the vapor is always T H . The maximum of ρ total (E, ε) with respect to ε gives the most probable kinetic energy per particle as
provided that
2 NT H , the most probable value of the kinetic energy per particle is
Again T H is the sole temperature characterizing the distribution up to the microcanonical cut-off, which may be above or below the maximum of the distribution since the form of ρ total (E, ε) is independent of E.
The maximum of ρ total (E, ε) with respect to N at fixed V is given by
where Eq. (14) was used for ε. Thus the most probable particle density of the vapor is independent of V :
Equation (16) demonstrates that not only is H a perfect thermostat but also a perfect particle reservoir. Particles of different mass m will be in chemical equilibrium with each other. At equilibrium, particles are emitted from H and form a saturated vapor at coexistence with H at temperature T H . This describes a first order phase transition (hadronic to partonic). Coexistence occurs at a single temperature fixed by the bag pressure. These results explain the common value of: the hadronization temperatures obtained within the statistical hadronization model [11] ; the inverse slopes of the transverse mass spectra of hadrons observed in high energy elementary particle collisions [12, 13] ; and the transition temperature from lattice QCD calculations for low baryonic density [14] . For further discussion see [10] .
H AS A RADIANT BAG
Let us assume that H is a bag thick enough to absorb any given particle of the vapor striking it. Then, detailed balance requires that on average H radiates back the same particle. Under these conditions particles can be considered to be effectively emitted from the surface of H . Thus the relevant fluxes do not depend in any way upon the inner structure of H .
In fact, the results given in equations (14) and (16) show that the saturated vapor concentration depends only upon m B and T H as long as H is present. A decrease in the volume V does not increase the vapor concentration, but induces a condensation of the corresponding amount of energy out of the vapor and into H . An increase in V keeps the vapor concentration constant via evaporation of the corresponding amount of energy out of H and into the vapor. This is reminiscent of liquid-vapor equilibrium at fixed temperature, except that here coexistence occurs at a single temperature T H , rather than over a range of temperatures as in ordinary fluids.
The bag wall is Janus faced: one side faces the partonic world, and, aside from conserved charges, radiates a partonic black body radiation responsible for balancing the bag pressure; the other side faces the hadronic world and radiates a hadronic black body radiation, mostly pions. Both sides of the bag wall are at the temperature T H . It is tempting to attribute most, if not all, of the hadronic and partonic properties to the wall itself, possibly even the capability to enforce conservation laws globally (quantum number conductivity). Despite the fact that this wall is an insurmountable horizon, with hadronic measurements such as bag size and total radiance we can infer some properties of the partonic world, e.g. the number of degrees of freedom [12] .
We can estimate an upper limit for the emission time using the outward energy flux of particles radiated from the bag. At equilibrium the in-going and out-going fluxes must be the same, thus the outward flux of particles in the nonrelativistic approximation using Eq. (16) is
Using the technique developed in [15, 16] , one finds the energy flux ϕ E H and momentum flux p rad as
The pressure p rad exerted on the bag by its radiation can be compared to the intrinsic bag pressure in Eq. (6): for pions p rad ∼ 0.02B. The time τ for the bag to dissolve into its own radiation is approximately
where R 0 is the initial bag radius and E 0 is the initial bag total energy. The fluxes written in Eqs. (17) and (18) (particle or energy per unit surface area) are integrated over an assumed spherical bag to give the result in Eq. (19) . However, because of the lack of surface tension, the bag's maximum entropy corresponds to either an elongated (cylinder) or a flattened shape (disc). Thus, Eq. (19) should be interpreted as an upper limit. More detailed studies of hadron emission from bags concerning hydrodynamic shock waves and freeze out shocks can be found elsewhere [15, 16, 17, 18] .
The decoupling between the vapor concentration and m B and T H occurs when H has completely evaporated (i.e.
The disappearance of H allows the vapor concentration to decrease inversely proportionally to V as
The temperature, however, remains fixed at T H because of conservation of energy and particle number above V d . Solid curves in Fig. 1 show this schematically.
The discussion above assumes that the Hagedorn spectrum extends down to m = 0. However, experimentally there appears to be a lower cut off of the spectrum at m 0 . This modifies the above results as follows (for a detailed analysis see the section "Generalization to a Complete Hagedorn Spectrum").
For energies E − m B N − ε ≫ m 0 and V < V d the above results hold as written. However, if we increase the volume well beyond V d at which the Hagedorn spectrum is truncated at m 0 , the situation is slightly different. H evaporates until its mass is m 0 . If the entire mass of H is fully transformed into vapor particles as the volume is increased further, then the excess particles temporarily increase the concentration and permanently decrease the temperature. As the volume increases further, the concentration changes inversely proportional to V while the temperature remains constant at
Dashed curves in Fig. 1 show this schematically.
FRAGMENTATION OF H
A question of interest is the stability of H against fragmentation. If the translational degrees of freedom are neglected, H is indifferent to fragmentation into an arbitrary number of particles of arbitrary mass (within the constraints of mass/energy conservation). Let us now consider the case in which the mass of the vapor particle m B is allowed to be free. The system's level density ρ total (E, ε) is still given by Eq. (13). Using Eqs. (14) and (16), one finds the most probable value of the system's level density as ρ * total (E, ε) ≈ exp [S * ], where the entropy is S * = E/T H + N. Differentiating ρ * total (E, ε) with respect to m B and applying Eq. (16) gives
i.e. the last equality provides the maximum of level density for N = 0. Since all the intrinsic statistical weights in ρ * total (E, ε) are factored into a single H , the system breaks into fragments with m B = Substituting the most probable value of ε and m B into the most probable value of N one obtains the vapor concentration
The density of the vapor of nonrelativistic particles acquires the form typical of the ultrarelativistic limit. If the value of mass given by Eq. (24) does not exist, then the most probable value of level density ρ * total (E, ε) corresponds to the mass m * which is nearest to 3 2 T H and N(m * ) given by Eq. (16) . In terms of hadron spectroscopy the value of m * that maximizes the level density ρ * total (E, ε) is the pion mass. If H is required to fragment totally into a number of equal fragments of mass m H all endowed with their translational degrees of freedom, then (for g B = 1)
where in the last step we substituted the most probable value of the kinetic energy (14) and used the Stirling formula for 3 2 N !. From Eq. (26) it is seen that all the Hagedorn factors collapse into a single one with the m-independent argument E. Maximization of (26) with respect to m H leads to
which is consistent with N = 1 and m H = E, namely a single Hagedorn particle with all the available mass. This again illustrates the indifference of H toward fragmentation. Of course Eq. (14) gives directly the mass distribution of the Hagedorn fragments under the two conditions discussed above. These results justify the assumption of the canonical formulation of the statistical hadronization model that smaller clusters appear from a single large cluster [19] .
INTERMEDIATE CONCLUSIONS
A system H , with a Hagedorn-like mass spectrum, is a perfect thermostat and a perfect particle reservoir. Consequently, any system coupled to H can have only the temperature of H : T H . This behavior may explain the common value of: the hadronization temperatures obtained within statistical models; the transition temperature from lattice QCD calculations for low baryonic density; and the inverse slopes of the transverse mass spectra of hadrons (temperature) observed in high energy elementary particle collisions and high energy nucleus-nucleus collisions (for details see [10] ). The common temperature of the experimental spectra suggest that the observed particles originate from an H -like system. The hadronic side of H radiates particles in preexisting physical and chemical equilibrium just as a black body radiates photons in physical and chemical equilibirum (compare to Ref. [20] ). Particles emitted from H form a saturated vapor that coexists with H . This coexistence describes a first order phase transition (hadronic to partonic) and occurs at a single temperature fixed by the bag pressure. An H system is nearly indifferent to fragmentation into smaller H systems. A lower cut-off in the mass spectrum does not alter our results [10] . [21] suggests that the Hagedorn mass spectrum can be established for m o < 2 GeV.
GENERALIZATION TO A COMPLETE HAGEDORN SPECTRUM
In the Statistical Bootstrap Model (SBM) [22] and the MIT bag model [7] it was found that for m H → ∞ the parameter a ≤ 3. For finite resonance masses the value of a is unknown, so it will be considered as a fixed parameter.
The microcanonical partition of the system, with volume V , total energy E and zero total momentum, can be written as follows
where the quantity ε H i = ε(m H , Q i ) ε B j = ε(m B , p j ) and ε(M, P) ≡ √ M 2 + P 2 denotes the energy of the Hagedorn (Boltzmann) particle with the 3-momentum Q i ( p j ). In order to simplify the presentation of our idea, Eq. (28) accounts for energy conservation only and neglects momentum conservation. The microcanonical partition (28) can be evaluated by the Laplace transform in total energy E [23] . Then the momentum integrals in (28) are factorized and can be performed analytically. The inverse Laplace transform in the conjugate variable λ can be done analytically for the nonrelativistic and ultrarelativistic approximations of the oneparticle momentum distribution function
where the auxiliary integral is denoted as
Since the formal steps of further evaluation are similar for both cases, we discuss in detail the nonrelativistic limit only, and later present the results for the other case. The nonrelativistic approximation (MRe(λ ) ≫ 1) for Eq. (28) is as follows
where E kin = E − m H N H − m B N B is the kinetic energy of the system. As shown below, the most realistic case corresponds to the nonrelativistic treatment of the Hagedorn resonances because the resulting temperature is much smaller than their masses. Therefore, it is sufficient to consider the ultrarelativistic limit for the Boltzmann particles only. In this case (MRe(λ ) ≪ 1) the equation (28) can be approximated as
where the kinetic energy does not include the rest energy of the Boltzmann particles, i.e. E kin = E − m H N H . Within our assumptions the above results are general and can be used for any number of particles, provided N H + N B ≥ 2. It is instructive to consider first the simplest case N H = 1. This formulation of the model, in which a Hagedorn thermostat is always present, allows us to study the problem rigorously and provides us with a qualitative picture for N H > 1. For N H = 1 and N B ≫ 1 we treat the mass of Hagedorn thermostat m H as a free parameter and determine the value which maximizes the entropy of the system. The solution m * H > 0 of the extremum condition
provides the maximum of the system's entropy, if for m H = m * H the second derivative is negative
The inequality (34) is a necessary condition of the maximum of the microcanonical partition. Postponing the analysis of (34) till the next section, where we study it in more details, let us assume for a moment that the inequality (34) is satisfied. Then the extremum condition (33) defines the temperature of the system of (N B + 1) nonrelativistic particles 2 ) the temperature of the system is slightly larger (smaller) than the Hagedorn temperature, i.e. T * > T H (T * < T H ). Formally, the temperature of the system in equation (35) 
THE ROLE OF THE MASS CUT-OFF
Now we study the effect of the mass cut-off of the Hagedorn spectrum on the inequality (34) in more detail. For a ≤ (34) is equivalent to the following inequality
which means that a Hagedorn thermostat should be massive compared to the kinetic energy of the system. A more careful analysis shows that for a negative value of the determinant
equation (33) has two complex solutions, while for D nr = 0 there exists a single real solution of (33) . Solving (37) for (E − m B N B ), shows that forÑ > 
and the fact that m ± H obey the inequalities To complete our consideration of the nonrelativistic case let us express the partition () in terms of the temperature (35) . Applying the Stirling approximation to the factorial ( (33 -43) . Note that this substitution does not alter the expression for the temperature of the system, i.e. the right hand side of (35) .
Finally, we show that for a heavy Hagedorn thermostat (m
